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Voltage Collapse is the system failure to obtain acceptable voltage levels in significant part 
of the power system, and it is often due to system failure to satisfy reactive power demand. Voltage 
Collapse can lead to blackout like the one occurred in 2003 in North America. Methods for on-
line voltage stability monitoring were established, and indices to quantify it were proposed. 
However, estimations of voltage collapse point based on these indices are often inaccurate or time 
consuming. A well-established method of voltage collapse point estimation is the Continuation 
Power Flow (CPF). CPF is considered accurate but, it is very computationally expensive for large 
systems.  
This work aims to speed up the predictor-corrector process by using a VSI called P-index. 
An initial prediction is made, corrected using a continuation technique, and then updated after 
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Monitoring voltage stability is one of the biggest tasks of power system operations. This 
task has never been more important as the electric demand growth is rapidly growing worldwide, 
and incidents where problems with voltage stability have led to wide range blackouts. Several 
Voltage Stability Indices (VSI) have been developed to quantifiably monitor voltage stability. The 
point of voltage collapse can be predicted using these VSI. Another way to predict the point of 
voltage collapse is the Continuation Power Flow (CPF).  
 
1.2 Problem Statement 
Voltage Stability Indices based point of voltage collapse predictions are in many cases 
inaccurate or computationally expensive.  On the other hand, continuation power flow based 
predictions are generally more accurate but, it is very computationally taxing.  Point of voltage 







The main objective of this work is to use a VSI called the P-index, along with a continuation 
technique similar to the one used in the continuation power flow to give a prediction of the point 
of voltage collapse that is accurate and computationally inexpensive.    
 
1.4 Thesis Layout 
This thesis is organized as follows: 
• Chapter II: This chapter provides an overview of the voltage stability problem and different 
voltage stability analysis tools. 
• Chapter III: This chapter introduces the concepts behind the proposed methods along with 
the derivation of their formulas. 
• Chapter IV: This chapter presents the simulation results when testing the proposed methods 
on different test systems. It also presents performance comparisons between the proposed 
methods and other voltage stability analysis tools. 
• Chapter V:  This chapter concludes the contributions and findings of this work. Moreover, 










2 LITERATURE REVIEW 
 
 
2.1 Voltage Stability 
IEEE/CIGRE Joint Task Force on Stability Terms and Definitions defines voltage stability 
as “the ability of a power system to maintain steady voltages at all buses in the system after being 
subjected to a disturbance from a given initial operating condition” [1]. Voltage instability can 
occur due to multiple factors, but the major ones are generation limits, transmission limits, and 
load dynamics [2].  
In some cases a sequence of events can results in an instability called Voltage Collapse 
which can often be a system wide problem. IEEE/CIGRE Joint Task Force mentioned above 
defines voltage collapse as “the process by which the sequence of events accompanying voltage 
instability leads to a blackout or abnormally low voltages in a significant part of the power system” 
[1]. If the system is operating near its optimal operating point, voltage collapse can lead to a 
blackout [2].  
Multiple blackout events worldwide have occurred due to voltage collapse, which have 
affected millions of customers. One of the most famous ones is the one happened in August 2003 
in the northeastern grid of the United States and Canada which affected 50 million people [3]. 
Another occurred in November 2009 in Brazil which affected 60 million people [4].   
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The severity of impact that a voltage collapse can have on a power system, and the 
frequency of its occurrence has made its study an active area of research.  
Voltage stability can be broadly studied under two conditions: large disturbance, and small 
disturbance. The first condition studies the voltage stability problem after a small disturbance to a 
system such as a gradual increase in load. In the latter conditions, systems’ ability to maintain its 
voltage stability following disturbance such as faults or loss of generation unit is studied. This 
study is usually carried out using nonlinear time domain methods. However, linearized system 
dynamic equations are used to study the small disturbance [5]. Despite the dynamic nature of the 
problem it is usually analyzed using static methods as they allow a wider range of system 
conditions to be examined. Proximity to the point of collapse, and loadability margin are among 
the main interests of voltage stability studies.  
 
2.2 Mathematical Formulation Voltage Instability Problem 
Consider the simple radial system illustrated in figure 2.1. It shows a load ZD that draws a  
power from a constant voltage source Es through a transmission line ZL. The active power that is 





Figure 2.1 Simple Radial System to Illustrate Voltage Stability Problem 
 
𝑃𝑅 = 𝑉𝑅𝐼𝑐𝑜𝑠𝜙 2.1 
While the receiving end voltage 𝑉𝑅 is given by 
𝑉𝑅 = 𝑍𝐷𝐼 2.2 
And the current 𝐼 is given by  
𝐼 =
𝐸𝑠
√(𝑍𝐿𝑐𝑜𝑠𝜃 + 𝑍𝐷𝑐𝑜𝑠𝜙)2 + (𝑍𝐿𝑠𝑖𝑛𝜃 + 𝑍𝐷𝑠𝑖𝑛𝜙)2
 2.3 
Equations 2.1 - 2.3 shows that the power drawn by the load has two competing factors that 
control how it changes. For a constant power factor x; a change in load magnitude results a change 
in both current and load voltage. The winner of these two factors depends on the ratio between the 
load impedance and the transmission line impedance 𝑍𝐿/𝑍𝐷. Figure 2.2 below demonstrate these 




Figure 2.2 Normalized Current, Receiving End Voltage, and Reciving End Power Characteristics 
 
As evident from the figure, the receiving end power increase as the load increases (i.e. 
𝑍𝐷decreases) until it reaches the maximum at 𝑍𝐿/𝑍𝐷 = 1. After that the trend changes and the 
receiving end power decreases as the load increases. After the maximum point the system becomes 
unstable, because an increase in load will results in a decrease in power which can lead to 
progressive decrease in voltage, depending on the load model characteristics [5].  
 
2.3 Voltage – Power Characteristics 
The characteristic of the voltage of a particular load bus as a function of active power is one of the 
most important relationships in voltage stability studies. This characteristic is often demonstrated 
through a curve that is called the nose curve. An example of a typical nose curve for a constant 

























power factor is shown in figure 2.3. As shown in the figure, the curve has two parts; stable and 
unstable regions. As the load power increases, the voltage drops slightly until it approaches the 
maximum power point. This tip of the nose curve is known as the stability limit point or the point 
of collapse. As the system approaches the point of collapse, the dip in voltage due to the increase 
of load power increases rapidly and approaches infinity at the point of collapse. After that the 
system enters the unstable region and load power starts to decrease instead of increasing. It is 
worth mentioning that load power is usually expressed as a multiple of base load, and likewise the 
point of collapse is expressed as the maximum multiple of base load. This multiplier is called the 
loading parameter or multiplier λ.   
 
 
Figure 2.3 Typical Nose Curve 
 
2.4 Voltage Collapse Mechanism 
Voltage Collapse can occur through multiple processes. However, large amount of cases 
follow a typical scenario often evolves successive operations of On-Load-Tap-Changer 
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Transformer. Consider the OLTC transformer in figure 2.4. Connecting an additional load on the 
secondary side will lower the voltage there, which will trigger a tap change operation. If this 
operation kept the primary voltage constant it would have been successful. However, the operation 
will results in voltage drop on the primary side. 
 
 
Figure 2.4 OLTC Transformer 
 
If the reactive power demand is below the generators limits, the voltage at the generator 
terminal will be controlled by the AVR and the primary side of the OLTC transformer will return 
to the operating point before the disturbance. However, if the reactive power demand exceeds 
generators limits, the over excitation limiter will hold the field current constant and the generators 
terminal voltage will not be controlled by the AVR anymore. Hence, the voltage at the primary of 
the OLTC transformer will decrease causing another tap changing operation. This chain of events 
will repeat itself, making a successive voltage depression that can yield unacceptable voltage levels 





2.5 The Continuation Power Flow 
The voltage of a particular bus in a power system can be obtained for a specific loading 
parameter using power flow analysis. However, as the system approaches the point of collapse, 
the Jacobian matrix of the classical load flow analysis becomes singular. To overcome this problem 
the power flow equations are changed slightly and a continuation technique that is locally 
parameterized is used. This iterative process is called The Continuation Power Flow [7]. 
 
 
Figure 2.5 Continuation Power Flow 
 
The general procedure of the continuation power flow is dissected to two steps at each 
iteration; predictor and corrector. In the predictor step, starting from a known solution a prediction 
of the next solution is obtained along the tangent vector of the current solution corresponding to 
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another loading parameter. In the correction step, the obtained prediction is corrected using 
conventional power flow technique. This procedure is iterated until a nose curve is fully drawn. 
Figure 2.5 illustrates this procedure.  
To prepare the conventional load flow equation for the continuation power flow, the 
loading parameter is introduced as an additional state variable. The resulting equations can be 
written as:  
𝐹(𝜃, 𝑉, 𝜆) = 0 2.4 
As mentioned above the predictor predicts the next solution in the direction of the tangent 
vector.  Tangent vector can be obtained by taking to derivative of 2.4 
𝑑𝐹 =  𝐹𝜃𝑑𝜃 + 𝐹𝑉𝑑𝑉 + 𝐹𝜆𝑑𝜆 = 0 2.5 
Putting 2.5 in matrix form yields   




] = 0 2.6 
The column vector in 2.6 is the desired tangent vector, while the row vector is obtained by 
adding a row and a column to the conventional Jacobian matrix. The new row and column 
correspond to the loading parameter as it was introduced as an additional state variable. Equation 
2.6 can be solved then by assigning a non-zero value (typically±1) to one of the components of 
the tangent vector. The variable which corresponds to this component is called the continuation 
parameter. The method of choosing this parameter will be discussed later.  
[
𝐹𝜃 𝐹𝑉 𝐹𝜆











Where 𝑒𝑘 is a row vector that has suitable dimensions, and all its elements are zero except 
for that corresponding to the continuation parameter which is set to 1.  














The step size 𝜎 is set to a value that allows the correction procedure to converge.  
In the correction step, an additional equation is added to the conventional power flow 
equations. In this equation, the change in continuation parameter is set to zero. Then this set of 




] = [0] 2.9 
Where 𝑥𝑘 represents the chosen continuation parameter and 𝜂 is its predicted value. This 
modification of the conventional power flow equations makes the Jacobian matrix non-singular at 
the point of collapse.  
 The continuation parameter can be chosen to be the state variable with the biggest tangent 
vector component, i.e. the state variable that has the biggest rate of change near the given solution. 






2.6 Voltage Stability Assessments Based on Thevenin Tracking  
Thevenin Tracking is the voltage stability analysis method that simplifies the whole system 
into a Thevenin equivalent using local measurement. To demonstrate the basic concept, consider 
the system in figure 2.6. The figure shows the concerned load bus and the rest of the system is 
represented by its Thevenin equivalent. 
 
Figure 2.6 Thevenin Equivalent Example System 
 









This can be rearranged to obtain the following equation 
 (𝑃 + 𝑗𝑄) 𝑍𝑡ℎ𝑒𝑣̅̅ ̅̅ ̅̅ ̅
∗
= ?̅?(?̅? − ?̅?)∗ 2.11 
Equation 2.11 is quadratic, hence it has two solutions. At the point of collapse (i.e. max 
power transfer) these two solutions become one. So, at the point of collapse  
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?̅? = (?̅? − ?̅?)∗ 2.12 
Or  
|𝑍𝑎𝑝𝑝̅̅ ̅̅ ̅̅ | = |𝑍𝑡ℎ𝑒𝑣̅̅ ̅̅ ̅̅ ̅| 2.13 
Where 𝑍𝑎𝑝𝑝̅̅ ̅̅ ̅̅  is the ratio between the voltage and current obtained from the local 
measurement at the concerned bus. This method tracks the present time 𝑍𝑎𝑝𝑝̅̅ ̅̅ ̅̅  to the Thevenin 
impedance and uses it as an assessment of proximity to voltage collapse [8]. 
This method has an inherent flaw which is reducing a complex and non-linear 
discontinuous power system to a simple Thevenin equivalence and the analysis of a multi-
dimensional problem from a single load only. It is difficult to develop a precise and accurate 
algorithm that allows optimal utilization of the system. Conservative algorithms can lead to 
underutilization of system which is not favorable since the existing power systems need to operate 
near its limits to satisfy the ever growing demand. On the other hand if algorithms were not careful 
enough, dangerous situations can arise, which can lead to potential problems that can cost utilities 
a large amount of money. Also reducing the system to an equivalent basic Thevenin circuit ignores 
important parameters like generation limits.  
There are some other technical issues as well such as the wideness of the time window that 
the measurements are gathered in. The time window should be wide enough for the operating 
conditions to change, but narrow enough to satisfy the constant Thevenin impedance assumption. 
For example for a contingency or a sudden large load change can change the Thevenin equivalent 
network parameters that represent the system side in the selected window. This could lead to a 
great inaccuracy in indices.  
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Another issue arises when the schedule of generators that are electrically distant is changed. 
This change may not affect the measurements, and since the scheduling of generators also 
determines the voltage stability of the system, this can lead to a considerable error in indices 
estimation. This is because the measurement based approach cannot perform a predictive based 
analysis, which is due the system linearization at the equilibrium point and all the calculations are 
based upon the measurements available at that instant. 
 
2.7 Voltage Stability Indicators for Power Systems 
To assess the voltage stability of the system quantitatively, multiple Voltage Stability 
Indices have been developed. A Voltage Stability Index (VSI) is a scalar number that quantitatively 
describes the voltage stability condition of the system and can be monitored as system parameters 
change [9]. The following sections present some of these indices. 
 
2.7.1 The Second Order Index  
This index is a Jacobian matrix based VSI that uses maximum singular value of the inverse 
of the Jacobian matrix 𝜎𝑚𝑎𝑥 along with its derivative with respect system load variation 𝐶𝑡𝑜𝑡 to 









Where 𝑖0 is the ratio between 𝜎𝑚𝑎𝑥 and 𝑑𝜎𝑚𝑎𝑥 / 𝑑𝐶𝑡𝑜𝑡  at base load.  
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 Unlike the index proposed at [10] this index has a linear trend. This linearity makes it very 
useful in point of collapse and loadability margin assessment [11]. On the other hand, its need to 
process and manipulate very large matrices makes it very computationally expensive.  
2.7.2 The Tangent Vector Index  
The Tangent Vector Index is another Jacobian matrix based VSI that uses system tangent 










 is the critical bus voltage magnitude entry in the tangent vector [12]. 
This index is based on the idea that the tangent vector approaches infinity as the system 
move closer and closer to the point of collapse. However, different systems have different tangent 
vectors for the same distance to collapse; this makes this index not reliable in the assessment of 
absolute stability. 
 
2.7.3 The L-index: 
The L index is one of the most popular voltage stability indices. It uses load flow results to 
assess the system voltage stability. The L index is defined as: 




Where 𝑉0𝑗 is the no-load voltage at the concerned bus 𝑗. 𝑉0𝑗 is calculated as  
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𝑉0𝑗 = −∑𝐹𝑖𝑗 ∙ 𝑉i
𝑖∈𝐺
 2.17 
Where 𝐹𝑖𝑗 can be calculated from the system admittance matrix (Y-matrix) as follows:  
𝐹𝑖𝑗 = −[𝑌𝐿𝐿]
−1[𝑌𝐿𝐺] 2.18 
As the load at a consumer bus increases, the L index increases until it reaches 1 at the point 
of voltage collapse.  Hence, buses with higher L index are the weakest [13]. 
The main drawback of the L-index is that it is based on a two-bus system and its expansion 
to an n-bus system is only by analogy and not robust [14].  
 
2.7.4 The P-index: 
The P-index is a bus-based multi-bus online voltage stability monitoring index. It based on 
the relationship between a small change in active power and a small change in voltage. To 
demonstrate the concept, consider a simple radial two-bus system shown in figure 2.6. The 












Figure 2.7 Simple Radial Two-Bus System 
Now a change ΔP  in load active power can expressed using 2.19 as:  
Δ𝑃𝐿 = (𝑉 + Δ𝑉)
2(𝐺𝐿 + Δ𝐺𝐿) − 𝑉
2𝐺𝐿 
               = (𝑉 + Δ𝑉)2Δ𝐺𝐿 + (2𝑉 + Δ𝑉)𝐺𝐿Δ𝑉 
2.20 
This expression shows that the change in load active power arises from two factors. The 
first one is from connection of extra load (Δ𝐺𝐿) to the bus, and the second one is from change in 
voltage (Δ𝑉). This agrees with what was discussed in 2.2, and the maximum power is delivered at 
the collapse point, where the two opposing factors become equal. It is worth mentioning that the 
first factor is a gain in power due to an extra load, while the second factor is a loss of power due 
to the reduction of voltage.  
The P-index is defined as the limiting case of the ratio between these two opposing terms, 
















  2.21 
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The rate of change in voltage with respect to load conductance 
𝑑𝑉
𝑑𝐺𝐿
 can be replaced by the 
more suitable and commonly used term in network terminology 
𝑑𝑉
𝑑𝑃𝐿










From 2.19 it can be stated that: 
𝑑𝑃𝐿 = 𝑉





















































The P-index is a normalized index, and its value ranges between 0 (no load conditions of 
the system) and 1 (voltage collapse point). This characteristic makes it simpler to monitor the 
voltage stability and to identify critical nodes of the system [14]. 
 
2.8 Direct Computation of the Voltage Collapse Point 
Another approach to point of collapse assessment is by reformulating the problem as a 
constrained optimization problem. In [15] a mathematical tool called the Dog-leg Trust Region 
was used to solve this constrained optimization problem. This effort yielded very accurate results. 
However, as the system grows larger, the computation time becomes very large.  
 
2.9 Distance to Voltage Collapse Using the P-Index 
Another method used to estimate the point of collapse is proposed in [16]. This method 
uses the P-index discussed in 2.6.4, and assumes a quadratic relationship between load bus voltage 
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𝑉 and load conductance 𝐺𝐿. Using the simple system in figure 2.6 a relationship between 𝑉 and 
𝐺𝐿 can be expressed as 
𝑉 =
𝑎
√1 + 𝑏𝐺𝐿 + 𝑐𝐺𝐿
2
 2.29 
Where 𝑎, 𝑏 and 𝑐 are constant. These constant can be calculated using the system initial condition, 
first, and second derivative of  𝑉 with respect to 𝐺𝐿.  





Using 2.29 the voltage at the point of collapse 𝑉𝑚 can be obtained. The power of the point of 






















The methods proposed in this work uses two steps to estimate the voltage collapse point. 
From a starting point it predicts the point of collapse assuming a linear voltage-conductance 
relationship. This prediction is then corrected to a point on the nose curve using a continuation 
process similar to the one in the CPF method. Lastly this point is taken as the starting point and 
another prediction is made using two methods. One method uses same formula used in the first 
prediction, and the other one uses the voltage-conductance formula discussed in 2.8.   
 
3.1 Voltage Collapse Point Initial Prediction 
Starting from the simple system in figure 2.6 the voltage at the load bus can be given by: 








?̅? = 𝑅 + 𝑗𝑋, and ?̅?𝐿 = 𝐺𝐿 − 𝑗𝐵𝐿 = 𝐺𝐿(1 − 𝑗 ∙ 𝑡𝑎𝑛𝜙) 
For small (𝑌?̅?) and (?̅?) equation 3.1 can be approximated to: 
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?̅? = ?̅? − ?̅??̅??̅?𝐿 3.2 
The voltage magnitude for a lossless line, constant load power factor, and a negligible 
imaginary part:  
𝑉 = |?̅? − 𝑗?̅?𝑋𝐺𝐿(1 − 𝑗𝑡𝑎𝑛𝜙)| = |?̅?(1 − 𝑋𝐺𝐿𝑡𝑎𝑛𝜙) − 𝑗?̅?𝑋𝐺𝐿|
≈ 𝐸(1 − 𝑋𝐺𝐿𝑡𝑎𝑛𝜙) 
3.3 
Taking the derivative of this voltage relationship with respect to the load conductance: 
𝑑𝑉
𝑑𝐺𝐿
≈ −𝐸𝑋𝑡𝑎𝑛𝜙 3.4 
This analysis along with its approximations suggests a linear relationship between V 
and 𝐺𝐿. The linear relationship between V and 𝐺𝐿 can be expressed as  





   3.6 
 and 𝑏 is a constant that can be calculated from the system conditions at a known point 
[14]. This work calculates b at the point where the P-index is 0.5, and uses this point as the starting 
point of the prediction.  






As discussed in [13], the P-index at the point of collapse is 1.0. Plugging this into equation 
2.19 gives  
?̅? = −2𝑎𝐺𝐿 3.8 










Equation 3.10 gives a prediction for the voltage at the point of collapse. To obtain the 

















Manipulating equation 3.12 and using equations 2.17 and 2.19 gives: 
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Equation 3.14 along with equation 3.10 gives a prediction for point of voltage collapse.  
It is worth mentioning that the assumption of a linear relationship between voltage and load 
conductance is not always valid. However, it is justified for a small portion of the curve. Hence 
the closer the starting point to the point of voltage collapse the more accurate the prediction [14]. 
Figure 3.1 shows the actual relationship between the voltage and the load conductance of bus 14 
in the IEEE 14-Bus System.  
 
 




3.2 Prediction Correction Using Continuation Method  
After this Prediction is made it is corrected using a continuation method that uses local 
parameterization similar to the one discussed in section 2.4. The continuation parameter is chosen 
as the voltage of the load bus that has the biggest P-index i.e. the critical bus at the starting point 
(which is the point with the P-index=0.5 for this work). The loading parameter is added as a system 
variable and the following equation is added to the power flow equations:  
𝑉𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑏𝑢𝑠 = 𝑉𝑃𝑖𝑑𝑥=0.5 3.15 
Where 𝑉𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑏𝑢𝑠 is the system variable for the voltage of the critical bus and 𝑉𝑃𝑖𝑑𝑥=0.5 is 
the value of that system variable at the starting condition (at P-index=0.5 for this work). As a result 
of this the conventional Jacobian matrix is augmented by an additional column and row. The 
additional column represents the relationship between the original system variables and the new 
variable λ. The active and reactive power equations for a certain bus 𝑖 are given by:  
𝑃(𝑖) = 𝑃𝑔 − λPd 3.16 
𝑄(𝑖) = 𝑄𝑔 − λQd 3.17 
Where 𝑃𝑔 and 𝑄𝑔 are the generated active and reactive power fed into the bus, and Pd and 
Qd are the load active and reactive power drawn from the bus. Taking the derivative of equations 










The additional row is zeros in every entry except for the continuation parameter entry 
which is set to be 1. As stated earlier the continuation parameter is selected to be the critical bus 
voltage. These additions yield the following Jacobian matrix:  
























Where 𝑒𝑘 is a row vector that has suitable dimensions, and all its elements are zero except 
for that corresponding to the continuation parameter which is set to 1.  
The mismatch vector is also adjusted to accommodate the additional equation by adding 
an entry with a value of zero. 
The adjusted equations are then solved numerically using standard Newton-Raphson based 
power flow solution technique. 
 
3.3 Updating Prediction Using Two Methods. 
The results of the correction process yield another point on the nose curve. This point is 
used as a starting point for another prediction based on equation 3.14. Another method for 
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predicting the point of voltage collapse is using equation 2.29. It was shown in [16] that the 
constants 𝑎, 𝑏 and 𝑐 can be calculated using the first, and second derivative of  𝑉 with respect 
to 𝐺𝐿. However, in this work, these constants are calculated using the two points on the nose curve. 
The first point is the starting point (𝐺𝐿1 , 𝑉1) when the P-index = 0.5, and the second one is the 









  3.21 
 




1 + 𝑏𝐺𝐿1 + 𝑐𝐺𝐿1




1 + 𝑏𝐺𝐿2 + 𝑐𝐺𝐿2
2   
3.23 
Dividing equations 3.22 and 3.23 gives  
𝑠 =
1 + 𝑏𝐺𝐿2 + 𝑐𝐺𝐿2
2
1 + 𝑏𝐺𝐿1 + 𝑐𝐺𝐿1



























 ,  equation 3.25 becomes  
𝑏 = 𝑏11 + 𝑏22𝑐  3.26 
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 equation 3.26 becomes  
𝑟 =
2 + 2𝐺𝐿1𝑏 + 2𝐺𝐿1
2 𝑐
−𝑏 − 2𝐺𝐿1𝑐
  3.29 
Plugging equation 3.26 and rearranging, equation 3.29 becomes  
−(𝑟𝑏22 + 2𝑟𝐺𝐿1 + 2𝐺𝐿1𝑏22 + 2𝐺𝐿1
2 )𝑐 = 2 + 𝑟𝑏11 + 2𝐺𝐿1𝑏11  3.30 




2 + 𝑟𝑏11 + 2𝐺𝐿1𝑏11
−(𝑟𝑏22 + 2𝑟𝐺𝐿1 + 2𝐺𝐿1𝑏22 + 2𝐺𝐿1
2 )
  3.31 
Once the constant 𝑐 is obtained, the constant 𝑏 can be calculated using equation 3.26. 
Finally constant 𝑎 can be evaluated using either equation 3.22 or 3.23 
𝑎 = 𝑉1 (1 + 𝑏𝐺𝐿1 + 𝑐𝐺𝐿1
2 )
1
2  3.32 





Once the 3 constants are calculated, equations 2.30 to 2.32 can be used to predict the 
loading multiplier and the critical bus voltage at point of voltage collapse.  
 
3.4 Generators Reactive Power Limits 
In this work the generator reactive power limits are accommodated for in the power flow 
solution at the starting point and in the correction step. However, if a generator reach its limit 
between the correction point and the point of collapse it will not be taken into consideration. That 
being said, the distance between the correction point and the point of voltage collapse is small and 
the probability of multiple generators reaching their reactive power limits is low and will not affect 
















4 RESULTS AND DISCUSSION 
 
 
The methods discussed in the previous chapter were implemented in the MATLAB 
environment and tested on the standard IEEE 14, 57,118, and 300 Bus Systems. The point of 
voltage collapse was estimated in each system for different conditions with and without respecting 
the generators reactive power limits. In each case the system loading was increased until the 
maximum P-index hit 0.5. The bus with the highest P-index is the critical bus, and the voltage 
collapse point was estimated for that bus using the two proposed methods. The results are presented 
in the following sections. 
 
4.1 Results for Tests without Generators Reactive Limits 
4.1.1 IEEE 14-Bus System 
The proposed methods were tested on the intact IEEE-14 Bus System along with some 
selected outages. Figure 4.1 shows a diagram of the considered system. Table 4.1 summarizes the 




Figure 4.1 IEEE 14-Bus System 
 
Table 4.1 Comparison between the Proposed Methods, Linear Method and Second Derivative 



























Intact 4.040 3.883 3.9 4.174 -3.3 4.033 0.2 4.09 -1.2 
1-2 Out 1.343 1.489 -10.8 1.370 -2.0 1.380 -2.8 1.39 -3.5 
1-5 Out 3.658 3.583 2.0 3.645 0.3 3.648 0.3 3.65 0.2 
2-3 Out 2.268 2.416 -6.5 2.318 -2.2 2.194 3.3 2.3 -1.4 
2-4 Out 3.289 3.214 2.3 3.266 0.7 3.278 0.3 3.28 0.3 
2-5 Out 3.429 3.327 3.0 3.396 1.0 3.413 0.5 3.42 0.3 
3-4 Out 3.944 3.799 3.7 4.074 -3.3 3.938 0.1 3.99 -1.2 
4-5 Out 3.940 3.742 5.0 4.113 -4.4 3.935 0.1 4.03 -2.3 
4-7 Out 3.604 3.489 3.2 3.720 -3.2 3.602 0.1 3.64 -1.0 
4-9 Out 3.942 3.731 5.4 4.058 -2.9 3.927 0.4 4.0 -1.5 
5-6 Out 2.283 2.422 -6.1 2.341 -2.5 2.194 3.9 2.33 -2.1 
6-11 Out 3.528 2.989 15.3 3.366 4.6 3.311 6.1 3.42 3.1 
6-12 Out 3.981 3.718 6.6 4.059 -2.0 3.955 0.6 4.02 -1.0 
6-13 Out 3.224 2.773 14.0 3.152 2.2 3.073 4.7 3.18 1.4 
7-9 Out 2.876 2.554 11.2 2.827 1.7 2.785 3.2 2.85 0.9 
9-10 Out 4.008 3.768 6.0 4.052 -1.1 3.975 0.8 4.03 -0.5 
9-14 Out 3.702 3.248 12.3 3.690 0.3 3.580 3.3 3.7 0.1 
10-11 Out 3.736 3.284 12.1 3.611 3.4 3.581 4.1 3.66 2.0 
12-13 Out 4.029 3.825 5.1 4.136 -2.6 4.014 0.4 4.08 -1.3 
13-14 Out 3.245 2.756 15.1 3.132 3.5 3.063 5.6 3.18 2.0 
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The Quadratic estimation method provided the least error for the vast majority of the cases 
with a maximum error of 3.5% in the case of line 6-11 outage. By comparison, the linear method 
had a maximum error of 15.3%, the second derivative method had a maximum error of 4.6%, and 
the Linear-Correction method maximum error was 6.1%. Table 4.2 provides a statistical analysis 
of all four methods performance. 
 
Table 4.2 Statistical Analysis of Methods Performance for the IEEE 14-Bus System without 
Considering Reactive Limits 
Method Linear Second Derivative Linear-Correction 
Quadratic 
estimation 
Mean Error 7.5 2.3 2.0 1.4 
Standard Deviation 4.1 1.2 2.0 0.9 
Max Error 15.3 4.6 6.1 3.5 
Min Error 2.0 0.3 0.1 0.1 
 
4.1.2 IEEE 57-Bus System 
The proposed methods were tested on the intact IEEE-57 Bus System along with some 
selected outages. Figure 4.2 shows a diagram of the considered system. Table 4.3 summarizes the 
results obtained from the script. 
 
Table 4.3 Comparison between the Proposed Methods, Linear Method and Second Derivative 



























Intact 1.844 1.497 18.8 1.776 3.7 1.7 7.8 1.8 2.5 
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1-15 Out 1.803 1.462 18.9 1.740 3.5 1.66 7.9 1.76 2.4 
7-29 Out 1.2 1.049 12.6 1.127 6.1 1.1 8.3 1.13 5.9 
13-14 Out 1.818 1.474 18.9 1.750 3.7 1.67 8.1 1.77 2.5 
22-38 Out 1.632 1.341 17.9 1.584 2.9 1.51 7.5 1.6 1.9 
23-24 Out 1.676 1.386 17.3 1.631 2.7 1.56 6.9 1.65 1.7 
24-26 Out 1.6344 1.334 18.4 1.581 3.3 1.51 7.6 1.6 2.2 
37-38 Out 1.24 1.058 14.7 1.159 6.5 1.12 9.7 1.16 6.1 
 
 
Figure 4.2 IEEE 57-Bus System 
 
The Quadratic estimation method provided the least error for the vast majority of the cases 
with a maximum error of 6.1%. By comparison, the linear method had a maximum error of 18.9%, 
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the second derivative method had a maximum error of 6.5%, and the Linear-Correction method 
maximum error was 9.7%. Table 4.4 provides a statistical analysis of all four methods 
performance. 
 
Table 4.4 Statistical Analysis of Methods Performance for the IEEE 57-bus System without 
Considering Reactive Limits 
Method Linear Second Derivative Linear-Correction 
Quadratic 
estimation 
Mean Error 17.2 4.1 8 3.15 
Standard Deviation 2.2 1.3 0.8 1.7 
Max Error 18.9 6.5 9.7 6.1 
Min Error 12.6 2.7 6.9 1.7 
 
4.1.3 IEEE 118-Bus System 
The proposed methods were tested on the intact IEEE-118 Bus System along with some 
selected outages. Figure 4.3 shows a diagram of the concerned system. Table 4.5 summarizes the 
results obtained from the script. 
 
Table 4.5 Comparison between the Proposed Methods, Linear Method and Second Derivative 



























Intact 3.200 3.244 -1.4 3.262 -1.9 3.19 0.3 3.19 0.3 
26-30 Out 2.610 2.410 7.7 2.615 -0.2 2.59 0.8 2.64 -1.1 
49-69 Out 3.190 3.295 -3.3 3.277 -2.7 3.19 0 3.17 0.6 
23-24 Out 2.980 3.084 -3.5 3.052 -2.4 2.98 0 2.96 0.7 
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68-69 Out 2.760 2.966 -7.5 2.782 -0.8 2.74 0.7 2.71 1.8 
 
The Linear-Correction method provided the least error for the vast majority of the cases 
with a maximum error of 0.8%. By comparison, the linear method had a maximum error of 7.7%, 
the second derivative method had a maximum error of 2.7%, and the Quadratic estimation method 








Table 4.6 Statistical Analysis of Methods Performance for the IEEE 118-Bus System without 
Considering Reactive Limits 
Method Linear Second Derivative Linear-Correction 
Quadratic 
estimation 
Mean Error 4.7 1.6 0.4 0.9 
Standard Deviation 2.5 1.0 0.3 0.52 
Max Error 7.7 2.7 0.8 1.8 
Min Error 1.4 0.2 0 0.3 
 
4.1.4 Testing the methods on the IEEE 300-bus system 
The proposed methods were tested on the intact IEEE-300 Bus System along with some 
selected outages. Figure 4.4 shows a diagram of the concerned system. Table 4.7 summarizes the 
results obtained from the script. 
 
Table 4.7 Comparisons between the Proposed Methods, Linear Method and Second Derivative 




































Intact 1.430 1.340 6.3 1.445 -1.0 1.44 -0.5 1.46 -2 
3-4 Out 1.430 1.273 11.0 1.367 4.4 1.37 4.3 1.39 3 
40-68 Out 1.354 1.279 5.5 1.352 0.1 1.34 0.9 1.35 0.1 
116-119 
Out 1.424 1.275 10.5 1.361 4.4 1.36 4.3 1.38 3.3 
 
The Quadratic estimation provided the least error for the majority of the cases with a 
maximum error of 3.3%. Linear method had a maximum error of 11%, the second derivative 
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method had a maximum error of 4.4%, and the Linear-Correction method maximum error was 
4.3%. Table 4.8 provides a statistical analysis of all four methods performance. 
 
Table 4.8 Statistical Analysis of Methods Performance for the IEEE 300-Bus System without 
Considering Reactive Limits 
Method Linear Second Derivative Linear-Correction 
Quadratic 
estimation 
Mean Error 8.3 2.5 2.5 2.1 
Standard Deviation 2.4 1.9 1.8 1.25 
Max Error 11.0 4.4 4.3 3.3 
Min Error 5.5 0.1 0.5 0.1 
 
 
Figure 4.4 IEEE 300-Bus System 
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4.2 Results for Tests with Generators Reactive Limits  
4.2.1 IEEE 14-Bus System 
The proposed methods were tested on the intact IEEE-14 Bus System along with some 
selected outages. Table 4.9 summarizes the results obtained from the script.  
 
Table 4.9 Comparison between the Proposed Methods, Linear Method and Second Derivative 



























Intact 1.766 1.566 11.3 1.741 1.4 1.74 1.5 1.69 4.3 
1-5 Out 1.388 1.235 11.0 1.370 1.3 1.34 3.5 1.3 6.3 
2-4 Out 1.292 1.204 6.8 1.297 -0.4 1.55 1.9 1.51 4.4 
2-5 Out 1.580 1.406 11.0 1.560 1.3 1.62 1.8 1.57 4.8 
4-5 Out 1.649 1.464 11.2 1.627 1.3 1.57 2.4 1.53 4.9 
4-7 Out 1.609 1.445 10.2 1.593 1.0 1.57 0.3 1.54 2.2 
4-9 Out 1.575 1.400 11.1 1.558 1.1 1.66 1 1.63 2.7 
6-13 Out 1.676 1.483 11.5 1.652 1.4 1.65 0.2 1.62 2.1 
9-14 Out 1.654 1.428 13.7 1.616 2.3 1.57 4.6 1.53 7 
12-13 Out 1.645 1.400 14.9 1.597 2.9 1.73 1.9 1.69 4.2 
 
The proposed methods provide results with less error than the linear method, and similar 
errors to the second derivative method. Table 4.10 provides a statistical analysis of all four methods 





Table 4.10 Statistical Analysis of Methods Performance for the IEEE 14-Bus System while 
Considering Reactive Limits 
Method Linear Second Derivative Linear-Correction 
Quadratic 
estimation 
Mean Error 11.1 1.4 1.9 4.29 
Standard Deviation 1.9 0.7 1.3 1.54 
Max Error 14.9 2.9 4.6 7 
Min Error 6.8 0.4 0.2 2.1 
 
Since there were no generator that hit their reactive limit between the starting point and 
critical point; the second derivative methods provided the best results but it is comparable to the 
proposed methods. However, when generators hit their reactive limit after the starting point and 
before the critical point the second derivative method gives notably higher error than the proposed 
methods as seen in the IEE 57-bus system discussed next. 
 
4.2.2 IEEE 57-Bus System 
The proposed methods were tested on the intact IEEE-57 Bus System along with some 
selected outages. Table 4.11 summarizes the results obtained from the script. 
 
Table 4.11 Comparison between the Proposed Methods, Linear Method and Second Derivative 



























Intact 1.439 1.351 6.1 1.581 -9.9 1.45 -0.9 1.42 1.5 
23-24 Out 1.442 1.307 9.4 1.523 -5.6 1.41 2.1 1.41 2.5 
13-14 Out 1.451 1.346 7.2 1.573 -8.4 1.43 1.4 1.42 2.3 
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22-38 Out 1.446 1.324 8.4 1.567 -8.4 1.43 1.1 1.48 -2.4 
24-26 Out 1.407 1.238 12.0 1.433 -1.8 1.42 -0.9 1.45 -2.9 
 
As mentioned above, some generators in this system reach their limits between the starting 
point and the critical point. This makes the second derivative method less accurate (6.2% average 
error). However, the correction step in the proposed methods gives a point further on the nose 
curve and takes the reactive power limits into consideration. This makes the proposed methods 
more accurate in these situations (1.28% and 2.32% average error). Table 4.12 provides a statistical 
analysis of all four methods performance for this system. 
 
Table 4.12 Statistical Analysis of Methods Performance for the IEEE 57-bus System while 
Considering Reactive Limits 
Method Linear Second Derivative Linear-Correction 
Quadratic 
estimation 
Mean Error 8.4 6.2 1.3 2.32 
Standard Deviation 1.8 3.4 0.5 0.46 
Max Error 12.0 9.9 2.1 2.9 
Min Error 6.1 0.3 0.9 1.5 
 
4.2.3 IEEE 300-Bus System 
The proposed methods were tested on the intact IEEE-300 Bus System along with some 





Table 4.13 Comparison between the Proposed Methods, Linear Method and Second Derivative 



























Intact 1.058 1.087 -2.7 1.099 -3.9 1.0027 5.2 1.0031 5.2 
3-4 Out 1.009 1.058 -4.9 1.069 -5.9 1 0.9 1 0.9 
40-68 Out 1.025 1.051 -2.5 1.064 -3.8 1.0044 2 1.0004 2.4 
 
The IEEE 300-Bus System is heavily stressed with a small margin of loadability. This 
makes the predictions very sensitive and hence unreliable as the margin of error overshadow these 
sensitivities. Table 4.14 provides a statistical analysis of all three methods performance for this 
system. 
 
Table 4.14 Statistical Analysis of Methods Performance for the IEEE 300-Bus System while 
Considering Reactive Limits 
Method Linear Second Derivative Linear-Correction 
Quadratic 
estimation 
Mean Error 3.4 4.5 2.7 2.83 
Standard Deviation 1.0 1.0 1.8 1.78 
Max Error 4.9 5.9 5.2 5.2 
Min Error 2.5 3.8 0.9 0.9 
 
4.3 Performance Comparisons 
The performance of the proposed methods was compared to the second derivative method 
and the direct computation method that was proposed in [15]. Tables 4.15 and 4.16 provide a time 
comparison between the proposed methods and the aforementioned methods.  
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IEEE 14-Bus 0.005 0.06 0.001 
IEEE 57-Bus 0.033 0.07 0.303 
IEEE 118-Bus 0.78 0.14 0.54 
IEEE 300-Bus 1.2 0.25 4.1 
 











IEEE 14-Bus 0.01 0.06 0.03 
IEEE 57-Bus 0.04 0.10 0.49 
IEEE 300-Bus 0.5 0.4 1 min 
 
The proposed methods give accurate results and as shown in the previous sections, and its 
computational time is comparable to the second derivative method, and sometimes they 
outperform it. It is worth mentioning that the majority of the computational time is spent in the 
correction step. The correction step is very dependent on the initial state of the system i.e. the 














This work proposed a new method for the estimation of the point of voltage collapse. The 
new methods starts from a known system conditions, and makes an estimation of the point of 
voltage collapse based on an assumption of linearity between voltage and load conductance. This 
estimation is then corrected by continuation scheme. From the results of the correction step it gives 
two estimations, one assumes the aforementioned linearity and the other dose not.  
The proposed methods were tested on the standard IEEE 14, 57,118, and 300 Bus Systems 
with and without respecting the generators reactive power limits. The results are then compared to 
initial prediction and the second derivative method.  
In the majority of the cases the proposed methods gave more accurate and conservative 
results than the second derivative method without a compromise on computational efficiency. 
More over the generators reactive power limits are taken into consideration beyond the starting 






5.2 Future Work 
Load modeling influences voltage stability studies, especially voltage-dependent load 
models. This analysis has assumed a static load model. In practice, loads are more accurately 
modeled in a dynamic matter through higher order polynomial.  A dynamic load models can be 
introduced, and the proposed methods can be changed to accommodate these models. Moreover 
motor stalling can be also incorporated in the models, as they also have an effect on voltage 
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